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® Aim of the talk

We present a method that improves the calculation of
expectation values E (X) by Monte Carlo simulation.
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We present a method that improves the calculation of
expectation values E (X) by Monte Carlo simulation.

® Let (X;),~, beiidwith E(X;) = pand Var (X;) = o°.
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| ntroduction

Aim of the talk T

We present a method that improves the calculation of
expectation values E (X) by Monte Carlo simulation.

Let (X;),-, be i.i.d with E(X;) = u and Var (X;) = o2,

Strong Law of Large Numbers

1
nh_f%oﬁZXi_“ a.S.

1=1
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| ntroduction

Aim of the talk T

We present a method that improves the calculation of
expectation values E (X) by Monte Carlo simulation.

Let (X;),-, be i.i.d with E(X;) = u and Var (X;) = o2,

Strong Law of Large Numbers

1
nh_f%oﬁZXi_“ a.S.

1=1

Central Limit Theorem

ﬁ(i;Xé,lL)LN(OaU) J
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Basic |dea

- .

» Find a non-trivial family (Z,),, .- of random variables
with

X=2, and E(Z,)=FE(X) forallyeT,

o -
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Basic | dea
| o

» Find a non-trivial family (Z,)_ - of random variables
with

X=2, and E(Z,)=FE(X) forallyeT,
# so that one can solve the minimization problem
¥ €argmin{Var(Zy) : yeTI'}.

It follows
Var(Zy) < Var(X).

Then use i.i.d random variables that have the same
distribuition as Z5 and estimate £ (X) by Monte Carlo

simulation.

-

Importance Sampling and MM-Algorithms with Applications to Options Pricing — p. 3/2



Notation

- .

o (Q,]—“, P, (Ft)tE[O,T]) IS a filtered probability space
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Notation
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o (Q,]—“, P, (]—“t)té[oﬂ) IS a filtered probability space
® (W (1)) IS @ d-dimensional Brownian motion
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Notation

- .

o (Q,]—“, P, (]—“t)té[oﬂ) IS a filtered probability space
® (W (1)) IS @ d-dimensional Brownian motion

® L?(Fp,P)is the Hilbert space of Fr-measureable
sguare-integrable real-valued random variables

o -
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Notation
L o

(Q, F, P, (]—“t)té[oﬂ) IS a filtered probability space

(W (t))1ep0,m 's @ d-dimensional Brownian motion

e o o

L?(Fr, P) is the Hilbert space of Fr-measureable
sqguare-integrable real-valued random variables
L?(Br, \) is the Hilbert space of By-measureable

square-integrable R%-valued functions with respect to
the Lebesque measure A

°
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Notation

- .

(Q, F, P, (]—“t)té[oﬂ) IS a filtered probability space

(W (t))1ep0,m 's @ d-dimensional Brownian motion

e o o

L?(Fr, P) is the Hilbert space of Fr-measureable
sguare-integrable real-valued random variables

°

L?(Br, \) is the Hilbert space of By-measureable

square-integrable R%-valued functions with respect to
the Lebesque measure A

e for XY ¢ L?(Fr, P) we set

(X.Y)p=Ep(XY) and [X|p=/Ep(X?

o -
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Notation

=

» forv,n € L?(Br, \) we set

g T
(%U)AZ/O (v(t) ,n(t))dt and ||7A\//0 v () ||2dt

-

Importance Sampling and MM-Algorithms with Applications to Options Pricing — p. 5/2



Notation

=

» forv,n € L?(Br, \) we set

g T
(%ﬁ)AZ/O (v(t) ,n(t))dt and ||7A\//0 v () ||2dt

® fory e L?(Br, \) we set

£V () = exp (313 + W)

with
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Girsanov-Transformation

For each v € L? (Br, \) a probability measure P is defined

by
dP"”
5 = EW (7))

that is equivalent to P. The process W" defined by

IS a P7-Brownian motion.

o -
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Theorem 1

=

For each v € L*(Br,\), p > 2, there is an isometry
G : LP(Fr,P) — LP(Fp, P7)
such that for each X = F(W (t1),---,W (t,)) we have
G (X)=FW7(t1),---, W (tn)),

where F: R"™ - R, #; < --- < t, with ; € [0,7] and n > 0.

o -
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Theorem 1
-

For each v € L*(Br,\), p > 2, there is an isometry
G : LP(Fr,P) — LP(Fp, P7)
such that for each X = F(W (t1),---,W (t,)) we have
G (X)=FW7(t1),---, W (tn)),

where F: R™ S R, t; < --- < t, with ¢; € [0,7] and n > 0.
Moreover, for each X € LP(Fr, P) we have

Ep(GT(X)EW (7)) = Ep(X),

Varp (G (X) E(W ())) = Ep (X6 (W (7)) exp (7]3)) — Ep (X)?

o -
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Theorem 1
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Theorem 1

Since £(W (v)) = EW () exp ([[7]I5), we get

Ep ((FOW (1), W (82)) EW (1))
— Ep (F(W7 (t1) -+, W (t))” 5(W(v)))
= Epr (W (1), W7 (8)) €V (1)) exp ([17]3)

R (FOV (), W () EW (1)) exp (113) N



Minimization Problem

-

Infinite-dimensional Minimization Problem
® Let L(y) = exp (|[7]) (X2, £(W (+)))p and find

vy €argmin{L(y) : v € LQ(BT,)\)}.

o -
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Minimization Problem

|7I

nfinite-dimensional Minimization Problem
® Let L(y) = exp (|[7]) (X2, £(W (+)))p and find

¥ € argmin {L(y) : v € L*(Br,\)}.

Finite-dimensional Minimization Problem

# choose {¢1, ..., } real-valued, Br-measurable
sguare-integrable functions of unit norm which are
linearly independent

® setD=> ", D;, where D; = {7 Y=o, E Rd}

® findy € argmin{L(y) : v € D}.

o -
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Theorem 2
-

Suppose that X € LP (Fp, P) with p > 2 and X # 0. Then
there is a > 0 with

=

D*L(v) - (6,8) > 4],

l.e. L Is strictly convex on D. Furthermore, L IS coercive In
the sense thatthe set{n € D: L(n) < L(v)} Is compact for

every v € D. The finite-dimensional minimization problem
has a unique minimum point.

o -
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MM-Algorithm

® letC = ><’;Llc@- with open subsets C; of R
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MM-Algorithm

® letC = x?zlci with open subsets C; of R
® forx = (zy1,---,2p) €C,y € C; define z;(y) € C by

R ri . ] F1
Ti(y); =4 "
y o j=i



MM-Algorithm

® letC = x?zlci with open subsets C; of R
® forx = (zy1,---,2p) €C,y € C; define z;(y) € C by

R ri . ] F1
Ti(y); =4 "
y ] =1

# let f : C — R be an objective function and set
fi:CixC—Rby fi(y,z) = f(Zi(y))

-
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MM-Algorithm

let C = x?zlci with open subsets C; of R
for x = (5131,-°-,£Cn) cC,y e define iz(y) cC by

Ly ]#Z
Yy ] =1

let f : C — R be an objective function and set
fi:CixC—Rby fi(y,z) = f(Zi(y))
g; :Ci xCi xC — R, 1<1i<n,such that

i) fi (y, @)

<

9i (y,y,l'),
gi(y, z,x) for all z € C;.

-

Importance Sampling and MM-Algorithms with Applications to Options Pricing — p. 11/2



MM-Algorithm

# i) choose a starting point 20 € C,
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MM-Algorithm

# i) choose a starting point 20 € C,

® ii) set 2"V = 2¥ and doiiii) for j = 1,-- -, n,
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MM-Algorithm

i) choose a starting point 20 € C,
i) set %0 = ¥ and doiiii) for j = 1,-- -, n,
iii) find 2/ = arg min {gj (y, :zjé?, :z:k’j_l) Ly € Cj} and

rhd = :z:]“}_lj (29),



MM-Algorithm

i) choose a starting point 20 € C,

i) set %0 = ¥ and doiiii) for j = 1,-- -, n,

iii) find 2/ = arg min {gj (y,ajk phd— 1) Ly € Cj} and
rhd = :z:ku?_lj (29),

iV) set 21 = z%" and continue with ii).

-
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MM-Algorithm
-

fThe MM-algorithm generates a non-increasing sequence,
since

i —1 k,j—1

and
k.7 kg —1 kE _k,g—1
f(:l? ’]) = fj(zj,:lj’] )<gj(Zj wj,x J= ),

so that property iii) implies f (z"*1) < f(z").

o -
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w-lmit set

-

o (;z:’f)k>0 a sequence generated by the MM-algorithm
with starting point 2"
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w-lmit set

-

o (;z:’f)k>0 a sequence generated by the MM-algorithm
with starting point 2"

» w(z")-limit set is defined by

w(2Y) = {u e C :increasing (k;),~, With lim 2" = u} .

11—

o -
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w-lmit set

-

o (;z:’f)k>0 a sequence generated by the MM-algorithm
with starting point 2"

» w(z")-limit set is defined by

w(2Y) = {u e C :increasing (k;),~, With lim 2" = u} .

® Y(f)={xeC:Df(x)=0}Is called the set of
stationary points of f.

o -
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Theorem 3

. .

Suppose that f Is coercive and continuously differentiable.
Furthermore, we assume that g;, D1 g;, D%gi are continuous
maps for all 1 < i < n. Additionally, if n > 1, then we assume
that D?g; is positive definite. Then w (2°) # § and

w(z?) c X (f) forall 2% € C. If f is strictly convex, then every
sequence generated by the MM-algorithm converges to the
unigue minimum point of f.

D;if(x) =0<«= D1gj(zj,zj,z) =0forall1 <j <n.

o -
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Construction of the MM-Algorithm
- o

® C=X_,C with ¢; = R
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Construction of the MM-Algorithm
- o

® C=X_,C with ¢; = R
® f(z)=L(®(x)) with ®(z) = > 11, ¢,
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Construction of the MM-Algorithm
- o

® C=X_,C with ¢; = R
® f(x)=L(®(x)) with®(x)=>", x;0;
» with G(v) =exp (—|7|I5 + W (7)) we have

G llp =1

and
L() =exp (3113) (F2.6 ()

Importance Sampling and MM-Algorithms with Applications to Options Pricing — p. 16/:



Construction of the MM-Algorithm
- o

® C=X_,C with ¢; = R
® f(x)=L(®(x)) with®(x)=>", x;0;
» with G(v) =exp (—|7|I5 + W (7)) we have

G llp =1

and
L() =exp (3113) (F2.6 ()

® |f(z)| < exp (512 () I3) IX7]p
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Construction of the MM-Algorithm

- .

® g (y,z,z) =exp(q(y,z,2)), where ¢; Is a quadratic
function with respect to y
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® g (y,z,z) =exp(q(y,z,2)), where ¢; Is a quadratic
function with respect to y

o defined by f(z) = In(X?2,G(®(2)))p



Construction of the MM-Algorithm
- o

® g (y,z,z) =exp(q(y,z,2)), where ¢; Is a quadratic
function with respect to y

o defined by f(z) = In(X?2,G(®(2)))p
® noteln(a+z) <lnha+z/a
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Construction of the MM-Algorithm
- o

® g (y,z,z) =exp(q(y,z,2)), where ¢; Is a quadratic
function with respect to y

o defined by f(z) = In(X?2,G(®(2)))p
® noteln(a+z) <lnha+z/a

f(@i(y)) =In (X2, G (@ (i (y)) — G(2(2:(2))) + G(P(2:(2)))))
< f(@i(2)HX?, (2 () =G (2 (2:(2)))) /(X?, G (@ (24(2))))

o -
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Construction of the MM-Algorithm

- .

# find surrogate function for
(X%, G(2(2:(y) — G(2(2:(2)))) P
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Construction of the MM-Algorithm

- .

# find surrogate function for
(X%, G(2(2:(y) — G(2(2:(2)))) P
® [|0(2:(y)) 15 = Go;i(z) + (Gri(2) ,y) + [lyl?
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Construction of the MM-Algorithm

f.p find surrogate function for T
(XZ,G(2(2i(y)) — G(®(#:(2)))) P
® [[@(2:(y) 15 = Goi (@) + (Gri (@) ,y) + [yl
® W(P(z(y)) = Ga,i(z) + (y, W (i)
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Construction of the MM-Algorithm

- .

# find surrogate function for
(X?,G(2(2:(y) — G(2(2i(2))))p

® @ (i (y) |15 = Go,i(z) + (Gri (@) ,y) +[lyl?

® W(P(z;i(y)) = Ga,i (@) + (y, W ()

i(x) = ZkleNn\{@}(ﬂfk 1) Pkl
() = 22 keN,\ (i} TPk
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Construction of the MM-Algorithm

- .

# find surrogate function for
(X%, G(2(2:(y) — G(2(2:(2)))) P

® (|2 () I3 = Goi(x) + (Grilz) ,y) + |lylI”
W (@ (2i(y)) = Ga,i(z) + (v, W (o))
® Goi(r) = 2k 1eN\ (i} Tk T1) Py

Gii(w) =2 ZkeNn\{z} Lk Pki

® G2,i(x) = ke, \ iy (@r, W(d%)),
W(or) = Wi(ok), -+, Wq(or))

°

SN
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Construction of the MM-Algorithm
- o

® G(2(2i(y) =Ti(x)exp (—[lyl* + (v, W (¢i) — Gri(x)))
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Construction of the MM-Algorithm
- o

® G(2(2i(y) =Ti(x)exp (—[lyl* + (v, W (¢i) — Gri(x)))

® h(z,y,z) =e ol +@2) _o—lwl*+u2) 4y » e R?
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Construction of the MM-Algorithm
- o

® G(2(2i(y) =Ti(x)exp (—[lyl* + (v, W (¢i) — Gri(x)))

® h(z,y,z) =e ol +@2) _o—lwl*+u2) 4y » e R?

1,G(2(2:(y) — G(@(2i(2))))p

/X2 h(y,z, W (¢;) —G14(z))dP
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Construction of the MM-Algorithm
=

Let

=

pi(@,y,2) = e W2 oy o gy 4 2el2I7/4=3/2) 3 — y||2,
2 2
P— (ZE,y, Z) — e_HyH +(y’2) (Z o 2y,$ T y) o GHZH /4”'% o yH2



Construction of the MM-Algorithm
fLet T

pi(@,y,2) = e W2 oy o gy 4 2el2I7/4=3/2) 3 — y||2,
2 2
P— (xaya Z) — e_HyH +(y’2) (Z o 2y7$ T y) o eHZH /4||$ o yH2

Thenp_ < h<pyandh(zx,z,z)=ps(x,z,z)=0forall
T,z € R?

o -
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Lemma 2

-

Let X € LP(Fp, P) with p > 2. Then we have
(XF,G(2 (i () — G(2(2:(2))))p

< aia(Xj:,ﬁE,Z,i) ”y_ ZH2 + (b(Xj:,lE,Z,i) Y — Z)

with Xt =X V0, X~ =XA0,at =232 o~ =—1and
1
o = [ XG(@G@i ) exp ({IW(6) - Grila) - 22/ ) dp

b = / XG(®(25(2))) (W (ps) — Gri(v) — 22) dP.
0
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Surrogate-Functions

fDefined g;i :Ci xC; xC— Rby T

gi(y, 2, 2) = fi(z,2) exp (aa(z,2,9) ||y — 2||* + (a1 (2, 2,7) ,y — 2))
with

as(z,,1) 1.5 +2e32a (X2, 2, 2,1) /(X?,G (D (3:(2)))),
ay(z,x,i) = 32—|—1.5Gl,i($)—I—b(XQ,a:,z,i) /(XQ,Q(CD(QEZ-(Z))))



Theorem 4

. .

Suppose X € LP (Fp, P) with p > 4 and X # 0. Then the
MM-algorithm defined by f, g1, - - -, g, generates for every

starting point 2V € C a sequence converging to the unique
minimum point of f.

o -
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M -Estimator
L o

® [(£,n,0) =& exp ((77,9) +%(970(d>9)), (€, m,0) € RxCxC
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M -Estimator
L o

® [(£,n,0) =& exp ((77,9) + %(9,p(d)9)), (€, m,0) € RxCxC
® wWith W (®)=(Wi(¢1),---,W (o)) We get

Ep(I(X,W(®),0)) = f(0)
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M -Estimator
L o

® [(£,n,0) =E%exp ((77,(9) + %(Q,p(d)é)), (&,m,0) € RxCxC
® with W (&)= (W (¢1), --,W(¢n)) We get
Ep([(X, W (®),0)) = f(0)

® lLet ((X;,Y;)),>, be a sequence of i.i.d random

variables, where (X1, Y1) has the same distribution as
(X, W (®)), and define

N
IN(0) = N"" ) 1(X;,Yi,6).
1=1

Then limy ... In(0) = f(0) a.s. forall 6 € C.

-
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M -Estimator

# Definition of M-Estimator ©

Oy € argmin{ly(0): 6 € C} a.s.
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M -Estimator

# Definition of M-Estimator ©

Oy € argmin{ly(0): 6 € C} a.s.

® Consistency of Oy

Suppose that X € LP (Fp, P) with p > 2. Then Oy,
N > 1, is consistent, i.e. we have limy_.., Oy = 6 a.s.

-
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M -Estimator

# Definition of M-Estimator ©

Oy € argmin{ly(0): 6 € C} a.s.

® Consistency of Oy

Suppose that X € LP (Fp, P) with p > 2. Then Oy,
N > 1, is consistent, i.e. we have limy_.., Oy = 6 a.s.

® Asymptotic Normality of Oy
Suppose that X € LP (Fr, P) with p > 2. Then

VN (@N - 90) PN (0, J (60)~" Z (6o) ‘](90)_1) |

L with Jz'j ((9) = D2f(9) . (62' : ej) for1 < 1, 1 < nd. J
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Numerical Results

- .

dS; (t) = S (t) (rdt + (o;,dW (1)), (S1(0),---,Sm (0)) = S

® Black-Scholes model



Numerical Results

- .

dS; (t) = S (t) (rdt + (o;,dW (1)), (S1(0),---,Sm (0)) = S

® Black-Scholes model

9 T:{OZT0<T1°-°<Tn:T}

o -
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Numerical Results

- .

#® Black-Scholes model
dS; (t) = S;(t) (rdt + (o;,dW (t))), (51(0),---,5,(0)) = Sy

9 T:{OZT()<T1°-° <Tn:T}
® &= {1, -, n} With ¢; = x7,_, 1)/ 1i — Ti1

o -
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Numerical Results

=

dS; (t) = S (t) (rdt + (o;,dW (1)), (S1(0),---,Sm (0)) = S

® Black-Scholes model

® 7T={0=Ty<Ty---<T,=T}
® &= {1, -, n} With ¢; = x7,_, 1)/ 1i — Ti1
® 5i(Tj) =
Soaexp (175 = $03l2T; + X, (03, W (00) VT = Ti1)

-
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Numerical Results

=

dS; (t) = S (t) (rdt + (o;,dW (1)), (S1(0),---,Sm (0)) = S

Black-Scholes model

T={0=Ty<Ty---<T,=T}

S = {1, -, dn} WIth ¢; = x| 1)/ 1i — i1

Si (1) =

Soaexp (175 = Hlloul Ty + S0y (o, W (00) /T = T
Payoff-Function: X = F(W (®)), with

W(®) = (W (1), -, W(en))

-
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Numerical Results

-

# The price
m(X) = e Ep(F(W()))
IS also given by

7(X) = e TEp (F (W‘I’@ (cp)) (W (@ (9))))
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Numerical Results

-

# The price
m(X)=e " Ep(F(W(®)))

is also given by
m(X) =T Ep (F (W0 (@) £ (W (2(9)))
# with
Fn0) = F (- 0)exp (-5 1617 + @) ) mo e C

we get 7(X) =e ™ Ep(F(W(®),0)).

o -
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-

Numerical Results

® Monte Carlo estimator

N

TN (X, 0) = %ZF(Yi,@)
i=1



Numerical Results

-

® Monte Carlo estimator

N

TN (X, 0) = %ZF(Y@,@)
i=1

® Measure of variance reduction

Y (F(Y,0) — wn (X, 0))°
VNGO = SN (B (1.0) = (X.0)

o -
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European option

- .

Parameters Black-Scholes MM-Algorithm

o K Price Pricey VRy!
30% 30 0.13 0.13 16.8
40 1.28 1.28 10.4

50 4.68 4.69 6.3

60 10.53 10.53 4.9

10% 40 0.0042 0.0038 6.4
50 0.96 0.96 9.5

60 7.31 7.30 5.9

N = 40000 Monte Carlo samples for estimating prices,

N = 500, M; = 100 for estimating optimal drift 8, with the
LI\/II\/I-aIgorithm. We used: Sy =50, = 5%, T = 1. J
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European option

- .

Parameters MM-Algorithm Robbins-Monro
o K Pricex VRy? Price VR
30% 30 0.13 25.0 0.13 38.4
40 1.28 11.3 1.28 10.9
50 4.69 6.3 4.68 6.3
60 10.53 4.9 10.54 4.8
10% 40 0.004 22.4 0.0042 349.7
50 0.97 0.7 0.97 9.6
60 7.30 5.9 7.31 6.3

N = 40000 Monte Carlo samples for estimating prices and

N = 2000, Mo = 500 for estimating optimal drift 6, with the
LI\/II\/I-aIgorithm. We used: Sy =50, = 5%, T = 1. J
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Asian option (n=16)
B o

Parameters MM-Algorithm GHS
o K Pricey VRy' Pricey VRy® Price VR

10% 45 6.06 10.2 6.06 10.9 6.05 11
50 1.92 7.3 1.92 /5 192 7
55 0.20 16.7 020 212 0.20 21
30% 45 7.15 8.5 7.15 8.9 /.15 8.3
50 4.17 9.3 4.17 9.7 417 9.2
55 2.21 11.6 2.21 12.5 221 12

N = 1.000.000 Monte Carlo samples for estimating prices,
N1 = 1000, M; = 100, Ny = 2000, M5 = 50 for estimating

optimal drift 4, with the MM-algorithm. We used: Sy = 50,
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Asian option (n=64)

Parameters MM-Algorithm GHS T
o K Pricey VRy' Pricey VRy® Price VR
10% 45 5.99 5.7 6.00 79 6.00 11
50 1.85 6 1.85 69 185 7.3
55 0.17 11 0.17 16.2 0.17 23
30% 45 7.02 6.8 7.02 79 7.02 8.3
50 4.02 7.5 4.02 8.8 4.02 9.2
55 2.08 9.2 208 11.3 2.08 12

-
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